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by 
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ABSTRACT 

Based on the idea of separation of var iables , a de­
composition of the three-dimensional linear t ransport oper­
ator is ca r r ied out, resulting in continuous sets of regular 
and generalized eigenfunctions. Because of the nonself-
adjoint nature of this operator, the resul ts could not be 
anticipated intuitively from the known decomposition of this 
operator in the special case of plane geometry. The resul ts 
obtained may indicate a new approach to spectral theory. 

1. INTRODUCTION 

The decomposition of a linear t ransport operator for plane geometry 
has been successfully attempted in several different ways (see References 1 
to 4). Whether explicitly expressed in these papers or not, each one tr ied 
to build a spectral theory for this operator. 

In this report , a decomposition of the t ransport operator in three 
space-dimensions is car r ied out. The general idea is that of References 2 
and 3, for the author was unable to generalize his ideas in References 1. 
The reason, obviously, is that the t ransport operator is not self-adjoint, 
and therefore no general spectral theory exists for it, as of today. The r e ­
sults of the expansion theorem proved rather surprising and could not be 
anticipated by intuition. On the other hand, the known expansion theorem 
for plane geometry with its much simpler structure is, of course, a special 
case of the general theory. The method used in this paper is suggested by 
the principle of separation of var iables , which is widely used for the decom­
position of linear par t ia l differential equations of mathematical physics. To 
attempt completeness, it was necessary to add to the set of regular eigen­
functions, ^5 \ (^ ) ' over a complex continuum, a set of generalized eigenfunc­
tions, tj/ .{Q), over a complex continuum of even higher dimension. 

The regular eigenfunctions are not character ized by an eigenvalue, 
but by a complex vector which we may call an eigenvalue vector A. These 
eigenvalue vectors , however, have to satisfy the condition A-A = Xp, where 



Xl a s s u m e s exac t ly one value for any g iven equa t ion , and t h e r e f o r e ±Xg c an 
be ca l led e igenva lues . To obta in the g e n e r a l i z e d e igen func t i ons , it i s n e c ­
e s s a r y to eva lua te the i m p r o p e r i n t e g r a l wh ich o c c u r s in Eq. (2.13) be low. 
Its r e g u l a r f o r m as it a p p e a r s in (2.9) h a s been known for a long t i m e , but 
i ts i m p r o p e r f o r m and i ts i n t e r p r e t a t i o n r e q u i r e d c a r e f u l a n a l y s i s in o r d e r 
to fo rmu la t e the decompos i t i on t h e o r e m . 

We t u r n now to the d e s c r i p t i o n of the o p e r a t o r . G iven is the s t a ­

t ionary t r a n s p o r t equat ion, 

v n - V * + va^ = :^va f f(n • n')^(r,fi')d2fi' + Q(r,f],v), ( l . l ) 

w h e r e 

f = ^ ( r , n ) is the d i r e c t i o n a l flux, a s c a l a r funct ion; 

r is the pos i t ion v e c t o r ; 

V is a cons tan t ve loc i ty in the d i r e c t i o n of the uni t v e c t o r Q ; 

a is the to ta l m a c r o s c o p i c c r o s s s e c t i o n a t ve loc i t y v; 

c is the net n u m b e r of n e u t r o n s p r o d u c e d p e r co l l i s i on 

a 

f is the s c a t t e r i n g funct ion; 

Q is the p roduc t ion of n e u t r o n s or pho tons by s o u r c e s ; 

V = g r ad , o p e r a t e s with r e s p e c t to r only. 

The s c a t t e r i n g function is so n o r m a l i z e d that 

/ f ( r • n ' )d2n ' = 1. (1.2) 

We inves t iga te the decompos i t i on of Eq. (1.1) u n d e r the fol lowing s implifying 
a s s u m p t i o n s : 

a-) f = 1/(47T); i . e . , we have i s o t r o p i c s c a t t e r i n g ; 

b) a is cons tan t ; (1.3) 

c) Q ( r , n , v ) = 0. 

Subsequent ly , the o p e r a t o r j-d^Q.' wi l l m e a n i n t e g r a t i o n over the e n t i r e 
unit s p h e r e in the s e n s e defined in Sec t ions 3 and 4. 



Let the mean free path l /a be introduced as unit length. This is equivalent 
to setting a = I in Eq. ( l . l ) . Since v / 0, Eq. ( l . l ) reduces to 

n . v ^ + ^ - -£- / v(r,n')d2n' = o. (i-4) 



2. SEPARATION OF VARIABLES AND THE CHARACTERISTIC EQUATION 

We look for a l l so lu t ions tha t have the f o r m 

f^(r.a) = R A ( r ) 0 ^ ( n ) . (2.1) 

Subst i tu t ion of Eq. (2.1) into Eq. (1.4) y i e l d s 

- ^ = -44/*A("')'^^"' ^'-'^ 
under the a s s u m p t i o n R̂ ^ / 0, 0^ / 0. S ince VRy^/Ryy does not depend on 
r , it m u s t be p ropo r t i ona l to a p a r a m e t e r v e c t o r - A, which wi l l be in gen­
e r a l a complex v e c t o r , 

VR^/Ryy = -A, (2-3) 

and t h e r e f o r e 

R ^ = c o n s t . e - ^ ^ ' ^ \ (2.4) 

T h e r e f o r e , the r i gh t -hand s ide of Eq. (2.2) is equal to ^ - A , and Eq. (2.Z) 
t akes the fo rm 

( 1 - fi-A)0^- ^ / 0 ^ ( f i ' ) d 2 f i ' = 0. (2.5) 

We n o r m a l i z e 0 . such that 

J 0^(n')dn' = tc, (2.6) 

w h e r e (C is a convenient ly chosen , but fixed n o r m a l i z a t i o n c o n s t a n t 
(e.g. , tc = 1, or 47T/C). Then, f rom Eq. (2.5), if the so lu t ion is deno ted by 

*A = f ¥ 1 - n . A (2.7) 

under the condi t ions that 

n -A / 1 for al l n (2.8) 

and Eq. (2.6) be sa t i s f ied . Subs t i tu t ion of Eq. (2.7) in Eq. (2.6) y i e l d s a con­
dition for A, namely , the c h a r a c t e r i s t i c equat ion , 

1 <= r d^n 



Definitions 2.1 

The set of solutions of Eq. (2.9) satisfying Eq. (2.8) is denoted by 
{ A " } , and the set of corresponding functions 0yy will be called regular 
eigenfunctions of Eq. (2.5). 

Hence, we can write for Eq. (2.1) 

f°^ = e - ^ ' ^ A ^ n ) , A e { A n (2.10) 

and 0^ is given by Eq. (2.7). The function ^y^(r,r2) has been so normalized 
that ^.A(o,n) = 0A(n). 

Consider now the case where, for a given A, Eq. (2.8) is not sa t i s ­
fied. Then, at a certain direction Q. = Q", 0^ in Eq. (2.7) is unbounded, and 
the meaning of the integral (2.6) must be redefined. Assuming this is done, 
we then obtain another character is t ic equation with possible solutions for 
A, and a set of elementary functions corresponding to Eq. (2.10), but un­
bounded in n . These functions a re , however, a subset of an even wider class 
of elementary solutions of the general form (2.1), when we extend the class 
of admissible functions to be generalized functions. We extend our function 
space by the set of functions 6{Cl- fio) having the following definition. 

Definition 2.2 

Given any function G(n) which is continuous with respect to n , | n | - 1, 
in a neighborhood D(n) of a given direction H;,, then 6 ( n - fi„) is defined by 

/ G(n)6(n-n„)d2fi =\ ' "' for nVD(n)-
'D(n) 

Now, we have the improper eigenfunctions (generalized eigenfunctions) as 

/cc 
"̂A ~ 47T 1 - n . A 

+ /cG6(n-n„) , (2.11) 

where 

A e {A : 1 - n -A = 0}, (2.12) 

and G is a function possibly of A and fl. Substitution of Eq. (2.11) into 
Eq. (2.5) under consideration of Eq. (2.6), and integration with respect to 
Q over the unit sphere, show that t h e 0 ' s of Eq. (2.11) a re weak solutions 
indeed. The function G is defined by substituting Eq. (2.11) into Eq. (2.6). 
Hence, 
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An e l e m e n t a r y solut ion c o r r e s p o n d i n g to Eq. (2.11) i s 

^ ^ = e - ^ - ' " 0 ^ , (2.14) 

w h e r e 0 A is given by Eq. (2.11), and A is an e l e m e n t f r o m the se t (2.12). 
The function ^ A is so n o r m a l i z e d tha t TfJ^(Q,Q,) = <t>A(^)-

Any l inear combina t ion of so lu t ions of the f o r m s of E q s . (2.10) and 
(2.14) a r e again solu t ions of the l i n e a r Eq. (1..4). T h e r e f o r e , the m o s t gen­
e r a l solution of Eq. (1.4) which can be r e p r e s e n t e d by a l i n e a r combina t ion 
of the r e g u l a r eigenfunctions Tp%{Q) of Eq. (2.10) and the i m p r o p e r e igen ­
functions ^yy(r2) of Eq (2.14) i s g iven by 

V/(r,fi) = f A''(A)V'Ad4A+ [ d^fio f d4AA(A)VA. ( 2 1 5 ) 

V } V ) lA:n„A = i} 

where {A"} is given by Eq. (2.9), and {n9}is the se t of a l l r e a l d i r e c t i o n s . 
The f i r s t and second t e r m s on the r i g h t - h a n d s ide of Eq. (2.15) a r e given 
explici t ly by Eqs . (5.12) and (6.9), r e s p e c t i v e l y , be low. 

Conjec ture 

Every solution of the h o m o g e n e o u s Eq. (1.4) in the c l a s s of functions 
which a r e in tegrab le2 with r e s p e c t to H, and con t inuous in | r | < oo h a v e a 
r e p r e s e n t a t i o n of the fo rm of Eq. (2.15). 

The following sec t ions wil l be spec i f ic a s to the m e a n i n g of i n t e g r a ­
tion with r e s p e c t to Q and A. 

See footnote 1. 
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3. INTEGRATION OF (1 - n • A)- ' 

A. Geometrical Considerations 

To evaluate Eqs. (2.9) and (2.13), a specific meaning is required for 

^f^ a.A 
(3.1) 

This integral is invariant under the rotation group R of n. The complex 
vector A can be represented as the sum of a real vector AjeE3 and an 
imaginary vector i Â  with A J E E J ; that i s . 

(3 .2) A = Al + iAj. (Definition) 

The integral IA is therefore only a function of 

^1 = |Ai | ; 

^2 = IA2I; (Definition) |' (3.3) 

-y = c o s - ' [{A,-A,)/{A,-A,)] 

It turns out to be convenient to choose Cartesian coordinates such that 

Al = Xi {0, 0, 1>, 

Az = '̂ 2 {siî  7. 0. '^°^ y}' 

Q = {cos 0 sin 9 , sin 0 sin 20s 9 } . 

(3.4) 

This means that A^ lies on the z-axis , A^ lies in the x,z-plane, and f2 is a 
point on the unit sphere, with 9 and 0 representing spherical coordinates 
(see Figure 3.1). 

We define^ the inner product f2 • A = (fi, A) to be 

n • A = n • Al + ifi • A2; 

n . Al = Xl cos 9; 

n • A2 = Xz (cos 0 sin 9 sin 7 + cos 9 cos 7 ) . 

The integral lA, expressed by Eq. (3.1), becomes improper when 

1 - n • A = 0. (3.6) 

Separating real and imaginary pa r t s , we obtain the following lemma. 

(3.5) 

3 Note that this definition differs from the usual definition in complex 
inner product spaces, where D. • A = Q, • A^ - iQ, • A^. 
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L e m m a 3.1 

Given: A = Aj + iAj . Then the i n t e g r a l lyy, e x p r e s s e d by Eq . (3.1) 

i s i m p r o p e r if and only if 

fi . Al = 1 , 

n . A2 = 0, 

for some fi e {Cl : \ fi j = l } . 

(3.7) 

A 
1 

{0.0,1} 

e A> 
/ w> / ° / ^ 

b ^ " ^ 

a \ . 
F i g . 3.1 

R e f e r e n c e S y s t e m for the Com-
r f dfi 

pu ta t ion of J J-71f—A 

Coro l l a ry 3. 1 

A sufficient condition for IA to be p r o p e r i s | Ai | < 1. Th i s c o r o l ­
l a ry is evident when we w r i t e , by E q s . (3.5), 

fi • Al = Xl cos e = 1, 

which has no solution for | Ai | < 1. 

We denote the d i r ec t i ons fi which sa t i s fy E q s . (3.7) by fig, wi th the 
co r re spond ing polar coord ina te s e„ and 0o. Then, by E q s . (3.5) , 

Xl cos 9Q = 1; 

X2(cos 00 sin 60 sin 7 + cos e„ cos 7 ) = 0. 

Equat ion (3.8) can be sa t i s f ied for any Xi z 1. 

(3.8) 

(3 .9) 



13 

E q u a t i o n (3.9) i s s a t i s f i e d when 

i) X2 = 0; (3.10) 

a n d / o r 

ii) - c o s 00 = (cos S o / s i n 9f,){cos 7 / s i n 7 ) . (3.11) 

If Eq . (3.11) h a s a so lu t ion 0o, t h e n - 0o is a l s o a so lu t ion of E q . (3.11). 

We d e r i v e now the cond i t i ons u n d e r which E q s . (3.11) and (3.8) a r e 
s i m u l t a n e o u s l y s a t i s f i e d . We h a v e , f r o m Eq . (3.8) , 

c o s So = l / X i > 0. (3.12) 

B e c a u s e 0 s 7 S 7T, 

s i n 7 =•- 0 (3.13) 

and b e c a u s e of E q s . (3.11) and (3.12) , 

c o s ' 00 = [ l / (X^- l ) ] ( c o s ' 7 / s i n ' 7 ) £ 1. (3.14) 

T h e r e f o r e , f r o m the s e c o n d and t h i r d p a r t s of Eq . (3 .14) , 

c o s ' 7 + s i n ' 7 =s Xf s i n ' 7 . 

F i n a l l y , b e c a u s e of Eq . (3 .13) , 

Xl s i n 7 > 1. (3.15) 

We h a v e the fol lowing c o r o l l a r y . 

C o r o l l a r y 3.2 

Given: A = Ai + iAz. Then the i n t e g r a l lA, e x p r e s s e d by Eq . (3,1) , 
i s i m p r o p e r if and only if 

Xl - 1; ( w h e r e ^1 A. 

and 

i) X2 = 0, ( w h e r e X2 = [A^D (3.16) 

a n d / o r 

(ii) Xl s in 7 a 1. ( w h e r e cos 7 = -p^-TTKTr) (3.17) 
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These r e s u l t s can be ob ta ined by p u r e l y g e o m e t r i c a l c o n s i d e r a t i o n s . 
The condition fi . Ai = 1 is r e p r e s e n t e d by the i n t e r s e c t i o n of the uni t s p h e r e 
I fi| = 1 and a plane p e r p e n d i c u l a r to Ai wi th d i s t a n c e l / X i f r o m the o r i g i n . 
The condit ion fi . A2 = 0 r e p r e s e n t s t he i n t e r s e c t i o n of the uni t s p h e r e and 
the plane th rough the o r ig in and p e r p e n d i c u l a r to A2 ( see F i g u r e 3.2) . It is 
evident that t h e r e a r e , for the s y s t e m of E q s . (3.8) and (3.11) , 

no solut ions when s in 7 < cos 9^ 

one solut ion when s in 7 = cos 9Q f- = l / X i . 

two solut ions when sin 7 > cos So 

F r o m F i g u r e (3.2), one can a l so deduce Eq . (3.11) , 

cos (±0o) = -cot 00 cot 7 . 

(3.18) 

(3.19) 

F i g . 3.2 

G e o m e t r i c Solut ion of 
1 fin A = 0; 

'0. ± *o) 

We p roceed now with the a c t u a l eva lua t ion of I A , e x p r e s s e d by 
Eq. (3.1). F r o m Eq. (3.5), we conclude that 

'A- JT 
dafi 

1 - fi • A 

), we conclude that 

sin e d e / 
-7T 

0.+ ji cos 0 (3.20) 

w h e r e 

a - 1 - Xl cos e - 1X2 cos 7 cos 

P ' -1X2 s in 7 sin i (3.21) 
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F i r s t we evaluate 

Ig = r ^ d0 ( ) 
^ / a + /3 cos 0 ' 

then we evaluate 

'A 
'o 

'.' n 

la sin e d9 . (3.23) 

B. Evaluation of Ig 

We introduce the transformation 

u = tan 0/2, d0 = 2du / ( l+u ' ) . (3.24) 

Then, 

If5 - / 1* = / 1 2di^ (3 22) 
' a + P c o s 0 ^ l ^ l . u ' f̂ -̂ '̂ 

2 I , . . . . ^ ( . , , ) , . (3.25) r ^ 
I (a + /3) + 

f a / i 3 . (3.26) 

-f CO 

du 
a - |3 I 2 "• + P ' 

•^-co "" "̂  a - /3 

The zeros of the denominator under the integral in Eq. (3.26) are 
either a) complex numbers . 

+ • .+ / » + P 
(3 .27) 

or b) r ea l numbers , iu". 
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We r e q u i r e the " p o s i t i v e " s q u a r e roo t of a c o m p l e x n u m b e r z to 

have a pos i t ive r e a l p a r t , such tha t 

y i ' = ^ R e z > 0 . (3.28) 

If Re z = 0, the s q u a r e roo t i s ca l l ed " i m a g i n a r y " ; if Re z < 0, the 
s q u a r e r o o t is cal led "nega t i ve . " We c o n s i d e r f i r s t the c a s e w h e r e u is 
complex, then the ca se when the z e r o s of the d e n o m i n a t o r in E q . (3.26) a r e 
r e a l . 

a) The in t eg rand of Ig h a s c o m p l e x s i n g u l a r i t i e s . 

In th is c a s e , t h e r e is exac t ly one z e r o of the d e n o m i n a t o r , v i z . , 
u"*", in the upper half of the complex p l a n e . We can u s e the r e s i d u e t h e o r e m 
to d e t e r m i n e Ig from Eq. (3.26). That i s , 

2 27ri 1 27ri 

0^- P 2u+ "•- ^ . +A~+ 
a -

If we define 

\r + / a + p 
a - /3 

(3.29) 

we have 

, + 7r 
i e = / ^ ^ ^ ^ ^ = - ^ 4 = . . (3.30) 

_ 2 T T 

P <=°^* ' sj^ 

We cons ider the ca se when /3 = 0. Then , f r o m Eq . (3.22) , 

Ig = 27T/a. (3.31) 

We see that th is c a se is inc luded in Eq . (3.30) , s i nce \/a ' - 0 = 
a • \/l according to Eq. (3.29), and so we m a y a s s u m e below tha t (3 / 0, or 
equivalently 

X2 sin 7 sin e / 0. (3.32) 

^) The in tegrand of I g h a s r e a l s i n g u l a r i t i e s . 

We dis t inguish t h r e e c a s e s : 
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(i) u° / 0 and bounded. 

(ii) u° = 0. 

(iii) u° i s unbounded . 

(i) u° / 0 and bounded . 

In th i s c a s e , (u°) = {-u°f > 0. 

S ince 

V a - j3 

the inequa l i ty (u°) > 0 is equ iva len t to 

( a + /3)/(a - p ) < 0. (3.33) 

To d e r i v e the cond i t ions u n d e r which th i s i s t r u e , we w r i t e 

a + j 3 = ( l - X i C o s e ) - i X 2 ( c o s 7 c o s 9 + s i n 7 sin 9 ) ; 
(3.34) 

(1 - Xl cos 9) - 1X2 (cos 7 cos 9 - s in 7 s in 

Then 

(a+ p)/(a - (3) = (a+p){^^)/(t<x -p | ' ) 

(1 -^1 cos e)' + Xj (cos^ 7 cos ' 9 - sin' 7 sin'9) - 2iX; (1 - X, cos 6) sin 7 sin 6 
= (1 - A., cos e ) ' + xl cos ' (7+ e) • 

(3 .35) 

F o r th i s e x p r e s s i o n to be r e a l , we h a v e , u n d e r c o n s i d e r a t i o n 
of (3.3 2), the n e c e s s a r y condi t ion 

1 - Xl cos 9 = 0. (3.36) 

F o r (3.35) to be n e g a t i v e , it i s n e c e s s a r y tha t 

c o s ' 7 c o s ' 9 - s i n ' 7 s i n ' 9 < 0, 

o r equ iva l en t ly 

s i n ' 7 > c o s ' 9 . (3.37) 

If we denote by 9o the ang le for which Eq. (3.36) i s s a t i s f i ed , 
and c o n s i d e r tha t 0 < 7 < TT, Eq . (3.37) y i e l d s 



s i n 7 > c o s e „ , 3̂ 3ĝ  

^ i 3 i n 7 > l , 3̂ 3gj 

which corresponds to the third condition of (3.18), as the reader may have 
anticipated. 

Assume now that (3.36) and (3.39) are satisfied; then it is 
seen that u° / 0 and bounded, and from Eq. (3.26) we obtain 

2 r du 
9 o. - p. J (u - u O ) ( u + u o ) 

- CO 

= - 1 - . j _ / r ' " _ ^ ^ _ r ' ° ° ^ ^ ^ = 0, (3.40) 
a - p 2 u o y _ u -u» j _ u+ - ' ^ 

where we applied Cauchy's Principal Value Theorem to the integrals, and 
each integral is zero by itself. 

(ii) u° = 0 

In this case, we argue that 

(a+/3)/(a- /3) = o. (3.41) 

We can proceed as in Section (i) above and obtain the follow­
ing necessary conditions for u° to be zero: 

1 - Xl cos 9 = 0; (3 42) 

1̂ Bin 7 = 1. (3 43) 

additional ^ . ^ " ° * ^ ^ " . the conditions a + p = 0, a - /? / 0, yield the 
aaaitional condition r- r < > 

c o s y = . s i n 6 < 0 . (3^44, 

S n r 2 6 t ; I ^ 2 r " " ° " ^ ''•''' ^-' ^'-^'^ ^ - - - ^ "" - 0; and f r o m 

, ^ + » 

- - P j _ TJ"' '̂ ^ (3.45) 
I.e., the integral does not exist. 
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If we deno te the ang le which s a t i s f i e s (3.42) by 9o, t h e n con ­
d i t i o n s (3.42) and (3.43) c o r r e s p o n d to the s econd condi t ion of Eq . (3 .18); and 
f r o m (3.44) and (3 .19) , we ob ta in the double va lue ±0° = 0. H e n c e the u n -
b o u n d e d n e s s of Ig is not s u r p r i s i n g in t h i s c a s e . 

(iii) u° i s unbounded . 

In t h i s c a s e , we a r g u e tha t 

( a - | 3 ) / ( a + |3) = 0, (3.46) 

and we p r o c e e d a s in Sec t ion (ii) above to ob ta in the n e c e s s a r y and suff ic ient 
cond i t i ons 

1 - Xl cos = 0, 

Xl s in 7 = 1; 

cos 7 = s in 9. 

Then , f r o m Eq . (3 .25) , 

, + CO 

If 
r"^ du ^ 

j . ^ 1 + 0 • U2 

3.47 

3.4£ 

(3.49) 

i . e . , the i n t e g r a l d o e s not e x i s t . 

A g a i n , we can find the g e o m e t r i c a l equ iva len t to the c o n ­
d i t i ons (3,47) in the s e c o n d equa t ion of (3.18); and Eq. (3.19) y i e l d s a double 
va lue 0° = +7T. E q s . (3.47) a r e t he s a m e a s E q s . (3.42) and (3 .43) . 

S ince it fo l lows f r o m cond i t ion (3.47) tha t 

(a + p)(a - p) = 0, 

E q s . (3.45) and (3.49) c a n be c o n s i d e r e d l i m i t c a s e s of E q . (3 .30) . T h e r e ­
f o r e w e c a n s u m m a r i z e t he r e s u l t s of Sec t ion B in the fol lowing equa t ion : 

,+Tr 

d 0 

a + /3 cos 

27r 

^/a 
f o r [l\ cos 

cos 

/ 1 
1 and Xl s in 7 - 1 

for Xl cos 9 = 1 and Xi s in 7 > 1, 

(3.50) 

w h e r e a and p a r e def ined by (3. 21), and ^ a ' - p ' is def ined by (3 .29) . u n l e s s 

a ' - 6 ' = 0. 
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4- F U R T H E R I N T E G R A T I O N _ O F h - n . ^)-i 

A. The F u n c t i o n s/ Zijd) 

In Sec t ion 3 we g a v e a c l o s e d e x p r e s s i o n for I g. We m u s t now con­
s i d e r I g a s a funct ion of 9, and d e t e r m i n e I ^ a s indicated in Eq. (3.23). It 
wi l l be conven ien t be low to c o n s i d e r I g a s a function of cos 9. T h e r e f o r e we 
i n t r o d u c e the no ta t ion 

Id = cos 9 ; "I 

II = cos 00 = l/>^i. for Xl a 1; > (4.1) 

l^ili) ^ Ig (e ) . J 

To se t the p r o p e r b a c k g r o u n d for the i n t e g r a t i o n of I^ , we d i s c u s s 
f i r s t the function 

y^)^ (a-/3)y^-l^ 
^ a - /3 

F r o m Eqs. (3.35) and (4.1), we have 

(4.2) 
a - p ^ ' 

°- + P ^ (1 - ^ I M ) ' + > - 2 ( M ' - s i n ' y ) - 21X2(1 - Xi^ ) s in 7 sin 9 ,^ ^, 

"•- Si ' ( 1 - XiM) '+ X ^ c o s ' ( 7 + 9 ) 

a s a function of /i . The def ini t ion of i t s s q u a r e r o o t was given in (3.28) such 
that the z -p l ane was s l i t a long the nega t i ve a x i s . The behav io r of the pos­
i t ive squa re roo t of Eq. (4.3) a s a function of li i s a s fo l lows. 

a) If Xl < 1, it follows i m m e d i a t e l y f rom Eq. (4.3) that 

Im (a + /3)/(a -/3) < 0, (4.4) 

and hence ^ ( a + /3 ) / (a - p) i s cont inuous in the i n t e r v a l -1 < ^ ^ +1. 

b) If X. ^ 1, it follows f rom Eq. (4.3) tha t , r e s p e c t i v e l y . 

i}' ^-4>}"°-' " ^ l ^ J " t o r M = .^„ . (4^5) 

At M = Mo. 

Re 
^ — p { | } o for Xl s i n 7 | ^ } . (4 .6) 
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We se t 

P 
III - s i n ' 7 
: o s ' ( 7 + 9) 

(4.7) 

As ji a p p r o a c h e s ji^ f r o m both s i d e s , we h a v e in the l i m i t 

P for ji = jig ±0 and Xi sin 7 < 1; 

and Xl sin 7 > 1. 
AT 

V a -
<j ip for /i = Mo - 0 

• ip f o r II = /UQ + 0 

T h e s q u a r e r o o t i s not def ined for Xi sin 7 = 1. H e n c e , (4.8) i s con ­
t inuous in t he i n t e r v a l -1 < /i s 1 for Xi s in 7 < 1, but h a s a d i s c o n t i n u i t y 
a t M = M 0 in the c a s e Xj s in 7 > 1. 

S ince (a - p ) i s a con t inuous funct ion in / i , we can conc lude tha t 
s/ Z(/ i ) i s c o n t i n u o u s in - 1 S /i - 1 for {X; < 1}, and {Xi ^ 1, Xi sin 7 < l } ; 
but h a s a d i s c o n t i n u i t y a t /i = Mo f°^ ^^i > !• "̂ î ^in "̂  > l } - In the c a s e of 
Xl sin 7 = 1, V Z ( M ) = 0. and S / Z ( M ) i s t h e r e f o r e a l s o c o n t i n u o u s . 

We a r e now in a pos i t i on to a t t r i b u t e s igns to V Z ( M ) . 

F r o m E q s . (4.2) and (3 .29) , it fol lows tha t 

s/ziiT) ^ sja^ - p ' = y ( a + p ) ( a - p) . (4.9) 

with the s ign of the s q u a r e r o o t d e t e r m i n e d by Eq. (4 .2) . The funct ion 
\ / Z ( M ) c a n only c h a n g e i t s s ign at a point M w h e r e Re s/zAjT) = 0, o r 
w h e r e S/TAJT) i s d i s c o n t i n u o u s . The f i r s t a l t e r n a t i v e i s e q u i v a l e n t to the 
cond i t i on tha t bo th 

X = R e Z ( M ) < 0 

and (4.10) 

Y = I m Z ( M ) = 0, 

o r t h a t Z c r o s s e s the n e g a t i v e a x i s . 

F r o m E q s . (3.34) and (4 .1) , it fo l lows for Z = X + iY tha t 

X = (1 - 'X.iif + X | ( s i n ' 7 - M ' ) ; 

Y = -2X2 c o s 7 M ( 1 - >^IM). 

(4.11) 
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We e n u m e r a t e now the c a s e s w h e r e Y = o 

. .. ? H ^ ^̂  ^ ' ° ' ' ^ ^ " Y = 0 but X > 0. Hence Eq. (4.10) i s not 
s a t i s f i ed , and VZ d o e s not c h a n g e s ign a t M = 0. 

(ii) 1 - ^iM = 0. T h i s c a s e i s only pos s ib l e when Xj a 1. Then 
M = Mo. and X < 0 r e q u i r e s X, s in 7 < 1. Hence s/z does change i t s sign 
for Xl £ 1, and Xi s in 7 < 1. When Xi ==1, and Xj sin 7 > l , V T h a s a 
d i s con t inu i ty a t M = Mo and wi l l c h a n g e i t s s ign a l s o . 

(iii) X2 cos 7 = 0 . In t h i s c a s e , Y i s i den t i ca l l y z e r o . If ^2 = 0, 
then ' 

Vz = I . X^ld (4.12) 

and t h e r e f o r e c h a n g e s i t s s ign only when Xi > 1 a t M = MQ. 

If cos 7 = 0 , then X = (1 - Xi^u)' + X | ( l - M ' ) > 0, and \/z does not 
change i t s s ign. 

(iv) We can a l s o conc lude f r o m (4.11) tha t Z = 0 for -1 - M - 1 only 
if M = Mo and Xl sin 7 = 1, a s a l r e a d y no ted in Sec t ion 3. 

The sign of the s q u a r e r o o t of Z ( M ) i s now d e t e r m i n e d by subst i tut ing 
M= ±1 in Eq. (4.2). We obta in i m m e d i a t e l y f r o m Eq. (3.34) tha t 

(a + p ) / ( a - p) = 1, for M = ±1; (4.13) 

and 

» - P = (1 +Xi) + 1X2 cos 7 , for M = +1. (4.14) 

Hence , by the d i s c u s s i o n above , we h a v e for 

h±S± Vz = i/z f o r - 1 - ^ s l ; (4.15) 

and for Xi a 1, 

S/Z = ^ " ^ ^°'" -1 - /̂  < Mo 
^ f o r M „ < ^ . l , (4.16) 

4.16a) V Z ( 7 i r ^ = VIU^^T^ for X, sin 7 < 1, 

V z ( M o - O ) ' = - V Z ( M O + 0 ) f o r X i s i n 7 > l , (4.16b) 

^ ^ ( ^ o ± 0 ) = 0 for Xl sin 7 = 1-
(4.16c) 



w h e r e the l a s t t h r e e equa t ions a r e a c o n s e q u e n c e of Eq. (4.8) and R e ­
m a r k (iv) above . 

We a r e now r e a d y to i n t e g r a t e Iw wi th r e s p e c t to fl. 

B. I n t e g r a t i o n of I, 

C o m p a r i s o n of E q s . (3 .50) , (4 .1) , and (4.9) shows tha t 

i^ = ZTx/Vzlyj (4.17) 

for X1 /J / 1, XI )U = 1 and X i sin 7 < 1. 

F o r Xl sin 7 = 1 and Xi/i - • I , I i s unbounded . F o r Xi sin 7 > 1 
and Xifi = 1, I n i s z e r o . If we u s e R i e m a n n i a n i n t e g r a t i o n , we have , u n d e r 
c o n s i d e r a t i o n of E q s . (4 .15) , (4.16) , and (3.50) , two c a s e s , a) and b), which 
can be i n t e g r a t e d . 

a) Xl < 1, o r 

Xl ^ 1 and X i sin 7 < 1: 
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A 
(4.18) 

b) Xl > 1, Xl s in 7 > 1; 

^A = 2Tr 
"Mo-o d/u 

. 1 < / ^ ) 

dM 

^Mo + o 
/ Z ( M ) 

(4.19) 

The s i t ua t i on Xi 2 1, Xi sin 7 = 1, l e a d s to an i m p r o p e r i n t e g r a l which 
m u s t be ob ta ined by a l imi t ing p r o c e s s . Th i s p r o c e s s i s c a r r i e d t h rough 
in Sec t ion C d ) be low. 

To ob ta in an a n a l y t i c e x p r e s s i o n for the d e s i r e d i n t e g r a l , we o b s e r v e 
f r o m Eq. (4.11) tha t Z = X + iY can be w r i t t e n a s 

w h e r e 

Z ( ^ ) = a / i ' - 2b;U + c, 

a = X^ - X ' + 2i X1X2 c o s 7 , 

b = X, + iX. cos 7 , 1 
(4 .20) 

4 . 2 1 



24 

Then the indefinite i n t e g r a l of Z ( M ) ' ' ' ' ^ i s 

/ 
• ^ = - i = logFaM - b + y/a" \ / Z ] + cons t , 
\/Z \/l ^^ 

(4 .22) 

which can be eas i ly ver i f ied . 

The sign of v/a will be so chosen that the r i g h t - h a n d s ide of 
Eq. (4.22) i s bounded when Z"'" ' ' is bounded. 

a) To obtain the i n t e g r a l (4.18), we m u s t eva lua t e s / Z at M = ±1 
under the condi t ions (4.15) and (4.16). T h i s can be done us ing E q s . (4.20) 
and (4.21), or m o r e s imply by noting E q s . (3.34). T h en 

Z(±l) = [ ( a + p ) ( a - p ) ] ^ = ±1 

= (11^ Xi+iX2 cos 7 ) ^ 

= ( 1 + b ) ' . 

Hence , by Eqs . (4.15) and (4.16), 

\ / Z ( + l) = 1 + b, 

and by (4.22), we obtain for (4. 18) 

(4 .23) 

r"-iH log 
a - b + \ / a ( l -b) 

j _ ^ \ / z s/^ °^ -a -b + V a ( l + b ) 

J_ (1 + \/I)( s/^-b) 
= N/^ ^°§ ( l - y - a ) ( v / - a - b ) - (4 .24) 

We a s s i g n the negat ive sign to s/a.. In th is c a s e , even for X^ -»0, ( s /T - b) / 
0 and can be cance led . 

Now we define the inner p roduc t A ' 3 A A = (A,A) to be , for 

A = Al + iA2, 

A^= (A, + iA2)(Ai + iA2) 

= Al - A2 + 2iAiA2 

= Xf . X2 + 2iXiX^ cos 7 . 

C o m p a r i n g this e x p r e s s i o n with (4.21), we s ee that 

^ ' = ^- (4 26) 

(4 .25) 
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T h e r e f o r e , subs t i tu t ing 

. , + / r = . . A ' (4.27) 
a = \ / a = 

in Eq. (4 .24) , y i e l d s 4 

r AO C""^ 27T 1 + N/A" ' 471- , -1 v/Tz 
T _ / _ 2 i i = I „ d , , = - 7 = , log -7=j = ~ 7 f l t a n h - ' V A ' 
^ A - j l - f i - A j _ j ^ ^ \ / A ' ^ 1 - V P \ / A ' 

for {^1 < 1} and (Xi a 1, Xi s in 7 < 1 } . (4.28) 

w h e r e A' i s def ined by (4 .25) , and the A ' - p l a n e is cut a long the nega t ive 

a x i s . 

F r o m the f inal equa t ion , we s ee tha t the sign of V a is of no p r a c t i c a l 
i n t e r e s t ; i . e . , r e p l a c i n g \ / P by - \ / A ' l e a v e s Eq. (4.28) unchanged . 

b) To obta in the i n t e g r a l (4.19) , we m u s t e v a l u a t e N/Z at M = ±1 
and M = Mo ± 0. We obta in , f r o m E q s . (4.11) and (4.16), 

\ / z ( M o ± 0 ) = + X 2 ^ A ^ ^ ^ 7 T ^ . (4-29) 

whi le 

VziTT) = 1 +b, (4.30) 

Eq. (4 .23) . T h e r e f o r e , by E q s . (4.1) , (4 .21) , and (4.26), a s in 

v ^ ^ X „ + " ^ 

1 a(u„ - b + V^X, N/sin^7 - /ig ^ J_ . a - b + V ^ ( l - b ) 
= ^ l ° g ' -a -b+ x/S(l+b) v^ ^^ aMc -b - V^ X.v^ sin'7 - M g 

1 (1+ v4 ' ) ( \ / I -b ) X,[-XyXi + i cos 7 + (l/X.) y l y x j sin^ 7 - Ij 

^ ^ ° ^ ( l - N ^ ) ( x / I - b ) ' X,[-X,A, + i COB 7 - ( l A i ) x/IVxf sin^ 7 - l] 
(4.31) 

1 1 + VP" -X2 + iXi cos 7 + \/^\/M sin' J> -̂ 1 
7 1 ^°^ T^WK^ • -X, + iXiCos 7 - y a N/X^sin' 7 - T (4. 32) 

We note tha t 

.X2 + i ^ i cos 7 = s/^i s i n ' 7 - a ; (4.33) 

4Note tha t N / / ? i s a c o m p l e x s c a l a r and not the v e c t o r A. 
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h o w e v e r , w e d o n o t u s e t h i s i d e n t i t y i n o u r f i n a l e q u a t i o n . T h u s , f r o m 

( 4 . 3 2 ) a n d ( 4 . 1 9 ) , 

1 - fi.A l u ^ M 

27T V ^ + 1 \/P\/x\ s i n ' 7 - 1 - ^ 2 + i ^ i c o s 7 , 
= ~ : = l o g — ; = • ^— , = ( 4 . 3 4 ) 

s/P N / A ' - 1 V V N / ^ ! s i n ' 7 - 1 + X2 - i ^ i c o s 7 

f o r {Xl 2 1, a n d Xi s i n 7 > 1 }, 

w h e r e A ' i s d e f i n e d b y ( 4 . 2 5 ) , a n d t h e A ^ - p l a n e i s c u t a l o n g t h e n e g a t i v e 
a x i s . 

U s e of E q . ( 4 . 3 3 ) w o u l d g i v e E q . ( 4 . 3 4 ) a m o r e s y m m e t r i c a p p e a r ­
a n c e , b u t no a d d i t i o n a l i n s i g h t , 

C. L i m i t C a s e s 

T h e i n t e g r a l I „ r e d u c e s f o r X2 s i n 7 = 0 t o E q . ( 3 . 3 1 ) . 

a ) If w e s e t X2 = 0, t h e n f r o m ( 3 . 2 1 ) 

^A = 27T 
dM 

1 - X, 

2Tr 1 + ^1 , , < , 

2Tr Xl + 1 
- — l o g f o r Xl > 1, 
A , Xl - 1 

4.35 

a c c o r d i n g to r e s u l t s which w e r e obta ined in the c a s e of p l ane g e o m e t r y . 
The Cauchy P r i n c i p l e va lue was used to obta in the s econd r e s u l t . 

b) If we set sin 7 = 0, it follows f rom (3.21) tha t 

did 
— 

, 1 - { \ ± i 

2 7T 1 + Xl ± iXj 

—^ = xTirr, i°g 1 . x^^ix,. (4 .36) 

w h e r e the upper sign c o r r e s p o n d s to the va lue cos 7 = +1 and the Ic 
sign c o r r e s p o n d s to 7 = - 1 . 

If we let X2 go to z e r o in Eq. (4.36), we h a v e 
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2-n- , 
lin^ I A = — 1°^ 
X ,-*o 

1 + Xl 

r^T7 

0 for Xl < 1 

i7T for cos 7 = 1 

-i7T for cos 7 = -1 
and Xl > 1. 

(4.37) 

H e n c e , I A in Eq. (4.35) i s the a r i t h m e t i c m e a n of I A in Eq. (4 .37) . 

c) Now we i n v e s t i g a t e Eq. (4.28) and ob ta in , by (4 .25) , 

27T , 1 + N / V ' 2TT , 
h m —•p= log •7=^ = - — lo 
^ ^ „ \ / A ' 1 - s/tJ- ^ l 

1 + Xl 
+ < 

0 for Xl < 1 

ITT for cos 7 > 0 

-i7T for cos 7 < 0 
and X 1 > 1. 

(4.38) 

T h e r e f o r e , Eq. (4.37) i s a s p e c i a l c a s e of (4 .38) . T h e c a s e s in 7 = 0 

c o r r e s p o n d s exac t ly to Eq. (4 .37) . 

We c o n s i d e r now the c a s e cos 7 = 0 . T h i s c a s e wi l l be i m p o r t a n t b e ­

low. Note tha t cos 7 = 0 i m p l i e s 

Xl s in 7 = >̂ i < 1, 

and t h e r e f o r e Eq. (4.28) r e d u c e s to 

27T 1 + \ / x ! - X ' for cos 7 = 0 , Xl < 1. (4.39) 

Â = ,ArTf^°Si-v/xyTr 
As X2 -» 0, Eq. (4.39) r e d u c e s to E q s . (4.37) and (4.35) for Xi < 1. 

d) In a s i m i l a r m a n n e r , we i n v e s t i g a t e Eq. (4.34), w h e r e X, a 1 

a l w a y s . We h a v e 

27T 

l i - IA =1:7i°g Xl 
X^^o 

Xl + 1 \ / x f s i n ' 7 - 1 + i cos 7 
— = = y. 1 • sJX\ s i n ' 7 - 1 - i cos 

(4 .40) 

T h e l i m i t d e p e n d s on the ang le 7 . F o r cos 7 = 0, Eq. (4.40) r e d u c e s 
to Eq. (4.35) for Xi a 1. One can a l s o c o n s i d e r I^ in Eq. (4.35) a s the m e a n 
va lue of I A in Eq. (4.40) wi th r e s p e c t to 7 . 

As (Xl s in 7 - 1) - 0 + , 

27T 1 + V / A " 

I A = - 7 ^ I ° g T 
VA 1 v^-

(4.411 
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Hence Eq. (4.34) changes con t inuous ly to Eq. (4 .28) . F r o m 
E q s . (4.40) and (4.41), we conc lude 

l i m l i m I A = lim- H m IA . (4.42) 
X2-0 XiS in7-* i+ X i s i n 7 ^ i + X2-0 

and the r e s u l t co inc ides with Eq. (4.38) for Xi > 1. 

If 7 — 0, it follows f rom Xi sin 7 > 1 tha t X, — 00. In th i s c a s e , 
f rom Eq. (4.34), l im I . ^ 0. 

X - > CO 

S i m i l a r l y 

l i m Ijy -* 0. 

F o r the sake of c o m p l e t e n e s s , we m e n t i o n tha t the l i m i t Xi ->• 0 
does not c a u s e any di f f icul t ies , s ince in 

l i m V ^ = +1X2 
Xi^o 

e i the r s ign may be u s e d in Eq. (4.28). 



5 SOLUTION O F THE C H A R A C T E R I S T I C EQUATION 
AND THE R E G U L A R E I G E N F U N C T I O N S 

In E q s . (2.7) to (2.9), we def ined the r e g u l a r e igenfunc t ions and the 
c h a r a c t e r i s t i c equa t ion . In C o r o l l a r y 3 .2 , we a s s e r t e d tha t e igenfunc t ions 
a r e r e g u l a r only if 

a) Xl < 1; 

(5.1) 

b) Xl a 1, and \ / 0, and \ s i n 7 < 1. 

We sha l l s ee be low, in Eq . (5.6) , tha t for r e g u l a r e igenfunc t ions , 
Xl < 1 is a l w a y s t r u e . 

In Sec t ion 4 we showed tha t the i n t e g r a l I A . a p p e a r i n g in the c h a r a c ­
t e r i s t i c Eq . (2.9) and sa t i s fy ing cond i t ions (5 .1) , i s g iven by Eq. (4.28). 
T h e r e f o r e , we c a n w r i t e the fol lowing e x p r e s s i o n for the c h a r a c t e r i s t i c 
equat ion . 

C h a r a c t e r i s t i c E q u a t i o n 

1 - ( c / z ) t a n h - ^ z 0; v ^ = z , Ae{A"'}. (5 .2) 

T h i s i s the s a m e equa t ion in z a s was found for the c h a r a c t e r i s t i c 
equat ion in p lane g e o m e t r y , and h a s two so lu t ions , Xo and -Xo, for g iven c 
a s fol lows : 

a) 0 < c < 1 XQ is r e a l , and X' < 1; 

b) c = 1 Xo = 0, and Xg = 0; r (5.3) 

c) 1 < c < ~ Xo is i m a g i n a r y , and XQ < 0. J 

H e n c e , \ c an be c o n s i d e r e d known for given c , and thus 

{A°} = {A : A' = X?, Vfi - fiA / l} . (Definition) (5.4) 

T h i s m e a n s tha t e v e r y v e c t o r A that s a t i s f i e s A = x ' and fi . A / 1 

for e a c h fi, is an e l e m e n t of { A°}. Since x'o is r e a l , we have , by (4.25) , the 

cond i t i on 

^',-H ^. X1X2 cos 7 = 0 , (5 .5) 

for A' = xi The condi t ion fi A / 1 for e a c h fi, y i e lded the cond i t ions (5.1) . 
T h e s e cond i t i ons i m p o s e only r e s t r i c t i o n s on the m a g n i t u d e s Xi and X2 of the 
r e a l and i m a g i n a r y c o m p o n e n t s Ai and A2, r e s p e c t i v e l y , of A = Ai + 1A2 



30 

and i ts mutua l angle 7 in E3. F r o m Eq. (5 .5) , we s ee tha t if XjXj / 0, then 

cos 7 = 0 . T h e r e f o r e , by (5.1b) , 

Xl < 1. (5.6) 

We t r e a t the t h r e e c a s e s of (5.3) s e p a r a t e l y in the fol lowing 
p a r a g r a p h s . 

a) 0 < c < 1 

F r o m Eq. (5.5), we obta in 

Xl = yX^+X'o; (5.7a) 

and f rom (5.3a) and (5.6), we obta in 

Xo ^ Xl < 1; 0 SX2 < y i - ^ 0 . (5.7b) 

b) c = 1 

By the s a m e equa t ions a s u s e d in a ) , we ob ta in 

^1 = ^2; (5.8a) 

0 £ Xl < 1; 

0 < X2 < 1. 

c) 1 < c < 03 

Again, by the s a m e equa t ions a s u s e d in a) , we ob ta in 

0 - X , < 1; |X„| SX2 < s/l+ IXol'. 

Because of (5 .3c) , we can w r i t e Eq. (5.9a) a s 

A 

(5.8b) 

(5.9a) 

(5.9b) 

Xl = ^'Xl+Xl (5.9^) 

to conform with Eq. (5.7a) . 

The r e l a t i o n s h i p be tween Xi and X2 is i l l u s t r a t e d in F i g u r e (5 .1) . 

We men t ioned at the beginning of Sect ion 3 tha t U i s i n v a r i a n t undei 
the ro t a t i on group ft on fi. This is a l s o t r u e of the c h a r a c t e r i s t i c equa t ion 

A IS i n v a r i a n t unde r 
. , ., . r .111 — ""- ^ " i ^ r a c t e r i s t i c equa t ion . 
Hence , If A E { A ° } , then ftAC{A°}also. Hence if 0 ^ (fi) is an e igenfunc t ion , 
so is any e l e m e n t of {0° fi)}. •'̂  



Fig. 5.1 

Relationship between Xi and X2 for 
c < 1, c = 1, and c > 1 

The functions f{r,Q,) that can be represented by the regular eigen­
functions (2.7) are given by the f irs t integral in Eq. (2.15). We select a 
convenient reference direction from {A°}, say w° + iu , such that, by 
Eqs. (5.7a) and (5.9c), 

Ao = A? + iA^ 

^X^ + X̂  w" + iXju", 
(5.10) 

where 

w° = A?/Xi, 

U° = A2yx2. 

It should be noted that w" • u 
R is denoted by R. Then 

(5.11) 

0 since cos 7 - 0. An element of 

A°(A)*X'l*^ 
{A°} 

X, 

Ix, = 
0 ^ . 1 ^<lX2rd3RA°(RAO)^^^o(n). 

|Xol for c a i j -^R (5.12) 

The order of integration on the right-hand side of this equation may 

be interchanged. 

For applications, it may be convenient to choose for the reference 
direction an orthonormal system; e.g.. 
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u° = {1, 0, O}; 

v° = {0, 1, O}; 

w° = {O, 0, l}. 

5.13 

Then A° is in the "z-direction," and A" in the "x-direction," and an 
element R is given by the transformation matr ix that t ransforms the or­
thonormal system (5.13) into another orthonormal system (u, v, w); i.e., 
R is an orthogonal transformation. The reduction of /A(A°)fi'° .o(fi)d3R 
to a triple integral of the Riemannian type will depend on the geometric 
properties of the problem at hand. 
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6 G E N E R A L I Z E D E I G E N F U N C T I O N S AND T H E G E N E R A L 
SOLUTION O F THE HOMOGENEOUS EQUATION 

In Eq (2.11) to (2.14) we def ined the g e n e r a l i z e d e igen func t i ons . 
In Sec t ion 4, p a r t s B . b) and C. d) , we d e t e r m i n e d the i n t e g r a l t e r m in 
Eq . (2.13) to be I A . a s g iven by Eq . (4 .34) . As h a s b e e n a n t i c i p a t e d , G is 
a funct ion of only Xi, Xj, and 7 , and d o e s not depend on the p a r t i c u l a r d i ­
r e c t i o n of fi° o r the c o m p l e x v e c t o r A. It d e p e n d s only on the r e l a t i v e p o ­
s i t ion of the p r o j e c t i o n s of the r e a l and i m a g i n a r y p a r t s of A into E3. H en ce 

G = G(A) = G(Xi ,X2, 7) = G( | .Ai | , |A2 | , A1A2), 

or exp l ic i t ly 

G = 1 - (c/47r) I A , 

w h e r e I A is g iven by Eq . (4.34) for Xi a 1 and Xj s in 7 a 1. 

(6.1) 

(6.2) 

To ob ta in a l l g e n e r a l i z e d 
e igenfunc t ions which a r e unbounded 
at fi°, we o b s e r v e tha t , by (2.12), 

1 - fio • A 0. (6.3) 

This m e a n s tha t the end po in t s of 
the r e a l p a r t of the c o m p l e x v e c t o r 
A l ie in the p lane 

fio • Al 1, (6.4) 

n° + A-ilo 

which is p e r p e n d i c u l a r t o , and 
p a s s e s t h rough the end point of 
fio, as i l l u s t r a t e d in F i g u r e (6.1) 
The end poin ts of the i m a g i n a r y 
p a r t of A l ie in the p lane 

fio • A2 0, (6.5) 

F i g . 6 . 1 . R e p r e s e n t a t i o n of the Com­
p lex V e c t o r s A Which 
Satisfy fio ' A = 1 

which is p e r p e n d i c u l a r to fio and 
p a s s e s t h rough the o r ig in , as i l l u s ­
t r a t e d a l s o in F i g u r e (6.1). We see 
t h e r e f o r e tha t t h e s e v e c t o r s A s a t ­
isfy the condi t ions given in L « m -
m a 3.1 and C o r o l l a r y (3.2) on 
pages 12 and 13 . 
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Defini t ion 6.1 

All v e c t o r s lying in the r e a l p lane fip • A2 = 0 sha l l be d e n o t e d by 

{ A " " } . 

With th is defini t ion, e v e r y v e c t o r A2 sa t i s fy ing Eq . (6.5) i s def ined 

by 

A2 = A ^ , (6.6) 

and e v e r y v e c t o r Ai sat isfying (6.4) i s def ined by 

A, = fio + A " " , (6.7) 

s ince the two p lanes (6.4) and (6.5) a r e p a r a l l e l . 

T h e r e f o r e , the second t e r m in Eq . (2.15) h a s t he r e p r e s e n t a t i o n 

f d2fio f d4AA(A) ^A(f^) = 
I f io} ^{A:fi„A=i} 

/ dz% f n d2^"» / o d2A?'' A(fio + A ^ > i A ? ° ) • ^ A ( " ) = 
1^0} {A °} ^ { A " " } 

(6.8) 

K f d2Ap f d jA^ A(A) G(A) e x p - ( r , f i + A ? + i A ^ ) + 

+ K f d2fio f d 2 A ^ r ^^Afo e x p - ( r , f i o + A i + U V ^ ^^^^^ 

^ro ; ^/Afioi L^o. 1 - ( f i , f io+Al^° + iAV°) 

(6.9) 

w h e r e A = fi + Ai + iA^ in A(A) and G(A) of the f i r s t p a r t of (6 .9) . G is r e ­
duced fu r the r by Eq. (6. l) [or Eq . (6.12) be low] . 

The f i r s t t e r m in (6.9) w a s ob ta ined f r o m (6.8) by i n t e r c h a n g i n g fi and 
fio m Definit ion (2.2) and c o r r e s p o n d s to the s e c o n d t e r m of 0 ^{0.) in 
Eq . (2.11). 

If the i n t e g r a t i o n ove r fi" i s c a r r i e d out in p o l a r c o o r d i n a t e s , we can 
r e p l a c e Definit ion (2.2) by 
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6(fi-fio) = 6(M-MO) 6 ( 0 - 0o) (6.10) 

and thus reduce the two-dimensional 6-function to the product of two one-
dimensional 6-functions in a natural way. 

In both t e rms of (6.9), the order of integration with respect to Aj" 
and Apt> can be interchanged. The actual integration in the {A o }-plane can 
be car r ied out in any way convenient for the specific problem at hand, e.g., 
in two-dimensional polar coordinates or two-dimensional Cartesian 
coordinates. 

Fur ther simplifications a re possible, e.g., as follows: Let us denote 
the angle between ApOand Ap" by y^", as indicated in Figure (6.2). Now 

Xl = y i + (Xpo)', 

Al .A2 = (A^^+fio, A^'°) = 

X1X2 cos 7 = XpoXpo cos 7^°. 

Hence, Xi, X2, and 7 are determined by 
and we can wri te 

G = G(A) = G(Xp° ,X?° ,7"°) . 

(6.11) 

^?°, ^ " ° , and 7"° , respectively, 

(6.12) 

Thus the first integral in (6.9) can be represented by 

[ d.AP [ d.A? A,A, G(A, e-('.A) ._r ax? r ax? r d7" G / dR^ A(RnAl) e - ( - - " A ^ 
{A"} {A") ° ° ° 

(6.13) 

w h e r e R^" i s an e l e m e n t of the p lane r o t a t i o n g r o u p R^ ", an^ A is the ref­
e r e n c e v e c t o r for the r o t a t i o n such tha t fio • AI = 1, X^ = Xi 0 (i = 1,2), and 

Fig. 6.2 
Example of Specific Co­
ordinates for Integration 
of (6.9) 
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Hence the most general solution which can be obtained for Eq. (1.4) 
by superposition of solutions (2.1) is Eq. (2.15), where the integrals appear­
ing in that equation are explicitly given by Eq. (5.12) and (6.9). In manipu­
lating these expressions, one should bear in mind that G( A) may become 
zero. The integral expressions for the superposition of the generalized 
eigenfunctions may be improper integrals . These integrals will be consid­
ered as existing if a finite neighborhood of the singularity exists for which 
the integral converges as the limit of the neighborhood converges to zero. 
In other words, we admit Cauchy principal-value type integrals over higher 
dimensions. 



7. REDUCTION TO THE KNOWN CASE OF PLANE GEOMETRY 

The r e q u i r e m e n t tha t ^(r,^^) be a p l ane so lu t ion of Eq . (1.4) m e a n s , 
by def in i t ion , t h a t fir, a) be c o n s t a n t for a l l r w h o s e end po in t s l i e on 
p a r a l l e l p l a n e s . We r o t a t e our c o o r d i n a t e s y s t e m so t h a t t h e s e p l a n e s a r e 
o r t h o g o n a l to the x - a x i s . It fol lows then , f r o m E q s . (2.10) and (2.14), t ha t 

by S: 

a n d 

S% ^ ^ 
Sy Sz 

if and only if 

Ay = Az 

0, 

Hence the e l e m e n t a r y funct ions have the f o r m 

,0 

fA 

% 

^ ^ 0 A ( f i ) , ( r e g u l a r e igenfunct ions) 

- A 'x^z+i (fi), ( g e n e r a l i z e d e igenfunct ions) 

(7.1) 

(7.2) 

We m u s t now s u b m i t the r e g u l a r e igenfunct ions to the condi t ions (5.5) 

which r e s u l t e d f r o m the c h a r a c t e r i s t i c equat ion . B e c a u s e of E q s . (3.2), 

(3.3), and (7.1) , 

JReA^I = Xi; 

11mA, = \?. 

We show tha t e i t h e r Xi or X2 m u s t be z e r o . F r o m Eq. (7.1) it 
fo l lows tha t sin 7 = 0 s ince Ai^ is n e c e s s a r i l y p a r a l l e l to A2X when a l l 
o t h e r c o m p o n e n t s of A a r e z e r o . This m e a n s cos 7 = ±1. But then the 
s e c o n d equa t ion of (5.5) r e q u i r e s 

X1X2 = 0. q .e .d . 

F r o m E q s . (5.3) and the f i r s t equa t ion of (5.5), we deduce that 

for 0 < c < 1, {\ ^^a l ) ; 

) for c = 1, (^0 = 0)i 
a) X2 = 0 

b) Xl = X2 

c) Xl = 0 for 1< c < (Xo i m a g i n a r y ) . 
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Hence the r e g u l a r e l e m e n t a r y funct ions a r e 

f^ = e±^^0^(fi). 

w h e r e 

4>i 
/cc 1 
4TT 1 ± XO • fi> 

This is in a g r e e m e n t with R e f e r e n c e 1 and c o n s e q u e n t l y a l s o wi th 
R e f e r e n c e 2. 

Next we m u s t r e d u c e the g e n e r a l i z e d e igenfunc t ions to the c a s e of 
p lane g e o m e t r y . 

F r o m Eq. (7.1) it fo l lows, as b e f o r e , tha t s in 7 = 0 s i n c e Aj^ and 
A2X a r e n e c e s s a r i l y p a r a l l e l . But then E q s . (6.4) and (6.5) canno t be s a t i s ­
fied s imu l t aneous ly in E3, u n l e s s Xj = 0. T h i s , h o w e v e r , l e a d s to the s a m e 
r e s u l t s as w e r e obta ined in the c a s e of p l ane g e o m e t r y a s shown by 
Eq. (4.35). T h e r e f o r e , the c a s e of p lane g e o m e t r y a s a l r e a d y known is 
conta ined in our g e n e r a l expans ion f o r m u l a and e x h i b i t s a m u c h s i m p l e r 
s t r u c t u r e . 
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8. UNSOLVED P R O B L E M S 

If we deno te by A' and A" any two v e c t o r s A a s s o c i a t e d wi th the 
e i g e n f u n c t i o n s 0 ^ o r 0^, we ob ta in f r o m Eq . (2.5) the r e l a t i o n 

(A" - A') • / f i 0 A ' 0 A " d a a = 0, for A' / A" . (8.1) 

In the c a s e of p l a n e g e o m e t r y , t h i s equa t ion l e a d s to the w e l l -
known o r t h o g o n a l i t y r e l a t i o n s g iven in R e f e r e n c e s 1 and 2. We see a t a 
g l a n c e , h o w e v e r , t h a t r e l a t i o n (8.1) i s not s u i t e d to d e t e r m i n e the coef f ic ien t 
funct ions in the e x p a n s i o n (2 .15) . T h e r e f o r e we a s k the fol lowing u n a n s w e r e d 
q u e s t i o n s : 

1) Does a w e i g h t funct ion W(fi) e x i s t such t h a t 

/W(fi)0^ 0A" d2fi = 1^ / a •!!'''- A") (*A' - *A) d^" 

= N(A ' , A") 6 ( A ' - A " ) ? (8.2) 

2) How shou ld 6(A' - A") be def ined? 

When t h e s e q u e s t i o n s a r e a n s w e r e d in a p o s i t i v e s e n s e , we a s k f u r t h e r : 

3) What funct ion is W(fi)? How is it d e t e r m i n e d ? 

4) Wha t i s F in the i d e n t i t i e s 

f(f J.im^dAwW^j^d.a ^ f A(A) [ rw(fi)0A*A' 

iVi} / >> V / (8.3) 
'dfiW4A + F ? 

In o t h e r w o r d s : What i s the effect of i n t e r c h a n g i n g the i n t e g r a t i o n 
wi th r e s p e c t to A and fi? One m u s t b e a r in m i n d tha t 0 A * 1 a r e a l l p o s s i b l e 
c o m b i n a t i o n s of r e g u l a r and g e n e r a l i z e d e igen func t ions . It i s t h e r e f o r e 
l i k e l y t h a t we h a v e not only one we igh t funct ion but a t l e a s t t h r e e d i f fe ren t 
w e i g h t func t ions W(fi). 

Then a r i s e s the q u e s t i o n of c o m p l e t e n e s s . 

5) In w h i c h funct ion s p a c e is the se t of e igenfunc t ions as d e v e l o p e d 

in t h i s r e p o r t c o m p l e t e ? 

6) Do t h e s e e igenfunc t ions f o r m a m i n i m a l b a s e , or i s t h e r e 

r e d u n d a n c y ? 
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